In the first part of this work we generalize the standard b-e model to accommodate for rational values of the conformal weight. This leads to the construction of conformally invariant models with rational values of their central charge. This geometric construction holds both for non-twisted and twisted boundary conditions. In the latter case we give a free field construction of the currents which satisfy the commutation rules of a twisted Kac-Moody algebra for arbitrary value of the level k and, in the case of SU(2) centrally extended, we compute the conformal blocks on the sphere. These are the conformal blocks of the orbifold given by SU(2) modded out by Z 2 . We also discuss the relevance of all this to the definition of hierarchies of differential equations admitting solitonic solutions.
Introduction
The aim of this paper is to study a few aspects of the connection between conformal field theories (denoted as CFfs from now on) and those hierarchies of partial differential equations (denoted as HPDEs from now on) which admit solitonic type solutions (in the literature they are named after the differential equation that generates the hierarchy i.e. KP, KdV, Toda etc.).
The first links between CFfs and HPDEs were established, in the notations we are going to use in the following, in refs. [1, 2] and in ref. [3] in a different setting. More recently also "perturbed" CFfs have been studied* and a connection with HPDEs has been established [4] .
We now recall the findings of refs. [1, 2] to introduce the ideas we later discuss in this paper: let us consider an infinite-dimensional complex vector space with a fixed basis {vh E £:}. We identify uj with the column vector with entry 1 in the jth
where V, vt are the bosonized versions of the fields b(z ), e(z ). On the r.h.s. of eq.
(1.2) we recognize a combination of the correlation functions of the b-e sy tern.
The choice of the vacuum is connected to the boundary conditions of the HPDE or, in the language of CFTs, to the topology of the problem. Let us dwell on this remark a little further: once bosonized, the b-e fields become an exponential function where the exponent is a certain field 4> which has an expansion in terms of an infinite set of bosonic oscillators defined by (1.3) • GL.,. is obtained by exponentiating gl,. . .. These fi elds have a mode expa nsion in term s of creation and annihilation operators.
••• By curren t here we mean the non -normal-ordered product b(z)c( z ) with z a complex variable.
a_,=nx, .
( 1. 4) The Fock space which is acted upon by V, vt is C[xp x 2 , •. • ], the space of polynomials in infinitely many variables x 1 , x 2 , • • • • In this space the vacuum, corresponding to boundary conditions which give zero for the fields at oo, is just 1, while periodic boundary conditions give a vacuum which is the T function of the theory [7) . In the language of CFTs, given g the genus of the world-sheet, these two cases correspond to g = 0, > 0.
It is possible to extend this construction to the Kac-Moody algebras A-D-E [8) . In this case the role of the current is played by the Casimir of the algebra and the KdV, NLS, Toda, etc., HPDEs are found. All these results are obtained by using the vertex representation of such algebras in the case in which k = 1, k being the level of the algebra. Each algebra has l vertex representations where l is the Coxeter number: they correspond to the different gradations [9] . In the case of SU(2), for example, the homogeneous gradation gives the NSL and one-dimensional Toda lattice HPDEs, while the principal gradation gives the KdV HPDE. More in detail, in ref. [8] a theorem is proved which assigns a HPDE to an algebraic datum which contains: (i) an affine Kac-Moody algebra, (ii) an integrable highest weight representation, (iii) a vertex operator construction.
In the language of CFTs these are all free boson constructions with integral values of the central charge. In ref. [2] , in fact, a [10] grassmannian approach to this problem was developed* and correlation functions were computed (for highest weight tates) at arbitrary genus g. Thi approach assigns a geometrical datum [11] to each theory under study. This datum contains the information of the genus of the surface on which our fields are defined and of the transformation properties of such fields, i.e. their conformal weight. If the correlation functions of these theories are related to solitonic solutions, they have to be formed of free fields. If this is obviously true for integral central charges c, what happens for rational values of c? It is possible [12] to obtain arbitrary rational values of c using b-e fields with rational values of the weight A (for related work see also ref. [13] ). Free field constructions of the currents which, by the Sugawara method, give rise to Yirasoro algebras with rational values of c are also available [14] .
The extension of the Kac theorem to these other situations will be discussed elsewhere [15] .
The plan of the paper is the following: in sect. 2, we recall the results of ref. [12] and recast them in more "physical" notations to build a dictionary between the grassmannian formalism and CFTs. *This formalism carries intrinsically the information that the fields are free and can be seen as giving the same results as the Dotsenko-Fateev construction [ 10) . ' In sect. 3 we study the features of the conformal models which correspond to the different gradations of the underlying Kac-Moody algebra [16] and, by doing so we put them in correspondence with the HPDEs which arise from such algebras: In the SU(2) case we also explicitly build, out of free bosons, the currents which generate the algebra in the principal gradation and perform the computation of the conformal blocks.
Sect. 4 contains our conclusions. This suggests that we can use the formalism developed for hyperelliptic surfaces in CFf (18] . The action of such a system is the sum of the actions on each sheet, defined as (2.4) *These notations are also used in ref. [17] . 
A generalized b-e system
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If we define an operator of analytic continuation from one sheet to another:
we can diagonalize it in the basis:
The OPE of these new fields around zero will be* [19] where qk is the U(l) charge defined as
The Riemann-Roch theorem is recovered by imposing the condition that the charges of the b-e fields cancel against the qk and Q, the charge at infinity. Summing over all the sheets we recover the familiar form of this theorem: (2 .10) using the Riemann-Hurwitz formula appropriate to eq. (2.3).
The stress-energy tensor of our system is (2.11) where Q, q, are p -1 dimensional vectors.
• We drop the primes for the b, c fields since no confusion is now possible.
If we now tensor N dim G such models and set p -p' = 1 and p = 3(k + N), the total central charge will be kdimG c 101 =dimG[3N(k+N)-(2N+k)] + (k+N). (2.12) This gives a certain number of free bosons plus the central charge of the SU(N) WZW model. In fact we can think of rotating the q, field in (2.11) according to q, = Aq, to get
The transformation matrix is
The rotation does not affect the correlator of two components of the q, fields,
The currents of the SU(N) Kac-Moody algebra can now be given in the form of ref. [14) . In the case of SU (2) to go from the {3, ' Y construction (denoted by the primed vector) to the parafermionic construction we have to perform the rotation [20] : ( 2.17) Generaiizing this formalism to twisted boundary conditions is straightfo rward. So, in the next section, we will immediately start the discussion of twisted algebra ·.
Twisted Kac-Moody algebras
In this section we investigate the properties of CFTs with twisted boundary conditions. These models can be put in relation with twisted Kac-Moody algebras (see ref. [16] ) and thus also with HPDEs. We begin this section with a general discussion of twisted Kac-Moody algebras (we follow the notations of ref. [21] ), study in detail the vertex representation for level k = 1 and then, for the SU (2) case, construct the currents at arbitrary k and compute the conformal blocks.
We start with a finite-dimensional algebra <~ with commutation rules:
and an automorphism 11 of .:#:
which has finite order N:
This gives a gradation of the algebra in eigenspaces &;;J of 11, in the sense that (3.4) Given a n algebra of Laure nt polyn mial C[t, 
where k, d are the central term and the energy operator. We now go through the case of SU(2) in detail, to expose the consequences of the above formulae.
Let us take for .:# the usual basis {P, r, r } and let us call a the simple root.
Then by applying the principal automorphism 11 we obtain (3 .6) 132
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Moreover, employing a self-explanatory notation: (3.7) for the Heisenberg subalgebra and
We remark that in the twisted Heisenberg sub-algebra the even modes are missing as a consequence of eq. (3.6) that cannot be true if ~g> * 0.
Let us now give the twisted realization in the k = 1 case. Define (3.9) where E = e 2 rri / N. On the r.h.s. of eq. (3.9) the 4J(z) field is defined without zero modes.
The correlator of two odd fields is (3.10) while the vertex is defined as
In the case of SU (2), eq. (3.11) gives the following expansion for the currents:
2 ' (3.12) where the Cartan generator is defined as
Using eqs. (3.12) and (3.13), we recover the usual commutation rules for the modes of the generators of the Kac-Moody algebra.
For k > 1 things get a little bit more complicated. A realization in terms of free bosons in the non-twisted case is given by (3.14) where 1/J ± (z) are the usual parafermions [22] and the <f> 1 (z) fields satisfy eq. (2.16). Eq. (3.14) generalizes to the twi ted case simply by twisting all the three bo. onic
The new currents, in fact, satisfy the SU (2) commutation rules. In the appendix we reformulate this result in the formalism of ref. [21] and we show that this ansatz is compatible with the generalized commutation rule satisfied by the parafermionic algebra.
To perform this computation we find it more convenient to switch to the usual physicist's notation in which the fields r/J 1 (z), r/J 2 (z), c/Jiz) are expanded in terms of half-integer modes. To reverse to the notation in which the expansion is in term of odd modes, we just have to square the expansion variable, i.e. (3.10) would now yield to log(~:~)·
The OPE of the parafermions becomes now:
+i-k-y 2{k+2) y-; a;c/Jw(w) . The new OPE for the twisted currents is now:
(z -w) (3.16) In the limit of z going to w this leads to the usual SU(2) currents OPE. The commutation relations of the current modes are obtained using the prescription: (3 .17) where the madding has to be consistent with the boundary conditions. The form of the twisted four-point conformal block, can be easily deduced from the result obtained in the non-twisted case, which we now review. The translation of the results we report here into those obtained by Wakimoto's construction (see ref. [23] for example) can be easily established using eq. (2.17) .
As is well known, irreducible representations of the extended Kac-Moody algebra split into irreducible representations of the finite-dimensional nonextended Lie algebra. By applying the highest state condition to a spin-} representation with eigenvalue m of the For what we will do in the following, these equations are not satisfying. The coefficients of Vf.m 1 and IIJ.m -l in eq. (3.19) have, in fact, opposite sign. ontrary to standard notations [24] . We can fix thi up by multiplying our J curren t in (3.14) by ±i. Eq. (3.18) will not be affected by thi change. The familiar SU (2) normalization can also be achieved, by multiplying the primary field by an appropriate coefficient as done in the second paper of ref. [20] .
The field which plays the role of eiq ·q,co> in eq. (2.8) now becomes (3 .20) and the two-point correlator is
The sum of the external charges is obviously zero. The BRST operator is (3.22) Let x be the standard four-point cross ratio; then, using the SL(2, C) invariance of our problem, the four-point conformal block becomes
where B is the Euler beta-function and A different form of this equation can be given, using Gauss's relations for contiguous hypergeometric functions. Let us now discuss the twisted case.
•
The irreducible representations we are looking for have to be irreducible representations of ~o) in eq. (3.5) , that is of the subalgebra of .# which is invariant under the action of the internal automorphism v. The twisted and non-twisted algebras are isomorphic. There exists an isomorphism -r such that (3.25) where );, is the twisted algebra. T assigns to each generator of the non-twisted algebra a generator of the twisted one. An explicit example of such an isomorphism is given in ref. [25] .
To find the subalgebra ~O> we can perform a change of basis and go to the basis (denoted by lower case letters) in which the action of the automorphism v leaves the Cartan subalgebra invariant:
It is easy to check that the lower case generators satisfy the SU(2) commutation rules.
Let us recover this result in more standard physicists' notations, following ref. [25] once more. As our automorphism v is inner, recalling (3.2) we can write (3.27) To recover eq. As our algebra is twisted, the conformal weights of our primary fields will be shifted by the energy of the twisted vacuum which is, according to ref. [9] :
where c is the central charge and N the order of the automorphism. This formula can also be computed from the vacuum expectation value of the stress-energy tensor [26] . The computation of the conformal blocks now parallels the standard computation of orbifolds [27] : the twisted primary field is a-~-112 • a-is the usual twist field and ~-112 is a singlet unde r the twist group generated by ' Y and is a combination of "untwisted" fields. So the conformal block will factorize in the correlation function of the a-'s and that of the ~= 11 /s. Besides the selection rule of the cancellation of the charges we also have to have the global twist equal to 1. As the order of our automorphism is two we have to have (global twist) mod 2 = 0. The correlation function of the a-'s is standard and can be looked up in ref. [27] . It multiplies the contribution of the ~= 112 's which is
where ~~1 12 is a "dual" field.
Conclusions
In this paper we have discussed CFTs whose "gauge" invariance is given by twisted Kac-Moody algebras. The motivations for doing so come from the theory of HPDE which admit solitonic-type solutions. In fact, the theory and the solutions of such HPDEs can be formulated in terms of the vertex operators needed to give explicit realizations of the above-mentioned algebras. Since these same vertex operators play a major role in CFTs the connection is quite obvious and immedi- ate. In particular the formalism of infinite dimensional grassmannian manifolds, u ed by Sato to develop his theory of HPDEs, becomes available for use in CFTs: the computation of correlation functions in CFfs can also be performed resorting to the theory of ,. functions, as was pointed out for the first time in ref. [28] in the case of the b-e field . The ,. function gives a description of the vacuum on which the vertex operators act and also carries with it the information about the topology of the proble m. There is a ,. function for each gradation of the algebra, as was also discussed in ref. [2] in the particular case of the principal gradation of SU (2) . For the computation to go through it is of crucial importance to have a free field representation of the currents so as to allow for the use of Wick's theorem. Here we have built expli. citly the free field construction and computed the conformal block ' on the phere. We hope to have thus clari(ied the connection between the formali m of twi ted Kac-Moody algebras and the orbifold constructions of ref. [27] . The interesting question of how the t11eory of HPDEs is affected by these findings is currently under investigation.
Appendix A
In thi appendix we want to how how to compare the physicists' way of dealing with repre e ntation of the current algebra with the more abstract and rigorous, but equivalent mathematical tudy of Lepowsky and Wil on of ref. [21] . As an application, we shall demonstrate that our guess for the twisted form of the current is con i tent with the generalized commutation relation for generators of the corresponding Z algeb ra.
We start with a short outlook of the philosophy of ref. [21] , restricted to the implest case of a ·imple Lie algebra, and using .9/ 1 a an illustration.
We recall the discussion and formulae at the beginning of ect. 3 and in particular the affine Kac-Moody algebra (3.5) whose commutation rul e is where fc~,> E 5crrl• c generates the unidimensional centre and ( , ) de note some choice of the invariant form on .#, unique up to orne constant denoted by A.
The first goal is to tran late the commutation re lations (A.l) of Jl in terms of another set of commutation relations, those obeyed by the generating functions for gene rators of Jl.
This necessitates some preliminary con iderations on formal series. We start by defining, given a vector pace Y, the space V{(} of formal Laurent series in the indeterminate {, with coefficients in V:
From now on, we shall assume that the summation indices in all the series run over the integers, unless explicitly specified. We may also define the spaces V{{ 1 , { 2 , ••• , ?,} in an analogous way.
Some care has to be taken when considering products of elements of V{(} or evaluating elements of V{{t> ( 2 , •.
• , (,} at the "same point", {; = {j. The resulting formal expression has to be well defined in the sense that each coefficient in front of a given monomial ?f?f ... ?:, has to be a finite expression, or, when V is the space of linear operators acting on some other space, V = End(W), th action of each coefficient on any element of W must be defined. Whenever needed, these conditions will be implicitly satisfied in what follows.
We shall use in the sequel the "a-function" series: Using the defining commutation relations (A.l), we get the "commutation rules" among generating series:
In the Chevalley basis of . §',identifying the Cartan subalgebra h with its dual h*: where rt(p, a) is some phase. Eq. (All) gives then:
In eq. (A.16), the sum I:' is over p E 7l. 5 such that ,.,·a+ f3 E ..1. whereas I:" involves p with vPa + f3 = 0.
As an illustration, let us consider the case of .W 1 \\ith Chevalley generators, (A.17) and the automorphism of order 2,
The two affine Lie algebras (Jat 1 )v and (Jat 1 ) are actually isomorphic since eq.
(A18) is internal (see also ref. [25] ). They are physically inequivalent though, since they are given in different gradations: the principal and the homogeneous.
In the non-twisted case, eqs. (A.14)-(A. 16) give We resume now the general case to see how the tools introduced above can help in the study of a fairly general class of d:.modules, those where the central element acts as a scalar k, graded with respect to the derivation operator d which is upper bounded (recall that the physical L 0 = -d). These considerations yield the following dictionary between th language of physici ts and mathematicians. When physicist deal with mixed bosonicjparafermionic quantum field realization of th current algebra (A.l ), introducing the generalized parafermions Z(/3 () to achieve the correct Sugawara central charge and conformal dimen ion of the current the authors of ref. [21] manipulate formal generating series. The way of recovering the generators of the affine Kac-Moody algebra differs consequently. In tead of introducing operator product expansions valid within a given range of convergence (radial ordering), and double-integrating, in the mathematical approach one compares in tead the coefficients of the same power. However, the amount of computational comp.lexity is roughly the arne in both case .
The decompo ition (A.28) and (A.29) lead, after orne formal manipulations, to the derivation of the a-called generalized commutation relations obeyed by the generating series 2({3, 0:
with the same sum conventions as in eq. (A.16).
The remarkable fact here is that these relations can be obtained without any knowledge of an explicit form of the parafermionic currents; they stem directly from eq. (A.16). Thus, the reconstruction of a suitable ~module involves e entially the knowledge of the associated space n together with the action of the modes of the currents (A.27) characterized by eq. (A.30) (the Fock space structure is standard). All the known (linear) constructions of the current algebra can be cast in this setting. From the physicists' point of view, the main difficulty is to get an explicit realization for the parafermionic currents in terms of free fields, possibly with a background charge. In the latter case, one has to take into consideration the BRST procedure before attempting to identify the space D.
We shall now illustrate orne of this material in the case of Jlf 1 , using the bosonic realiza tion of the previous sections but doing formal manipulations in the spirit of ref. [21] . This will then provide a check of the compatibility of the form of the currents for the twisted SU(2) case given in sect. 3 with the corresponding relations (A.30).
Let us introduce the well-known bosonic field
Considering then a(z) = .ffkizazljJ(z) we are able to reproduce (A.19), with A = 1, up to an exchange z +-+ w. As a matter of fact, this discrepancy will be systematic in what follows, and due to the fact that the "expansion parameter" of ref. [21] , (, is the inverse of ours: z-1 = (. We prefer here to stick to the usual physicists' convention (A.31), keeping in mind this fact.
Introducing The space n is generated by the momenta taking values in the root lattice of Jlf 1
shifted by the value of the highest weight.
*This last equality has to be intended in the sense of manipulating formal series, as in ref. [21] . 
